The aim of this paper is to present a new kind of numerical processing for hyperbolic systems of conservation laws with source terms. This is achieved by means of a non-conservative reformulation of the zero-order terms of the right-hand-side of the equations. In this context, we decided to use the results of DalMaso, LeFloch and Murat 9] about non-conservative products, and the generalized Roe matrixes introduced by Toumi 36] to derive a rst-order linearized well-balanced scheme in the sense of Greenberg and LeRoux 19]. As a main feature, this approach is able to preserve the right asymptotic behaviour of the original inhomogeneous system 31], which is not a obvious property 6]. Numerical results for the Euler equations are shown to handle correctly these equilibria in various situations.
Introduction
We consider numerical approximations of the Cauchy problem for general N N (N 1) one-dimensional strictly hyperbolic systems of conservation laws with source terms also called balance laws.
U t + F(U) x = G(x; U) with x 2 R; t > 0 U 0 2 BV (R)] N (1) In this paper, we focus on the case of the Euler equations endowed with a perfect gas pressure law. In this context, the sources may be quite di erent and simulate for example the e ects of geometrical constraints, damping or gravitational e ects. Another interesting situation motivated by industrial considerations is the simulation of a ow across vane grids. Since the obstacles are in most cases too small to be resolved by the spatial mesh, they are often taken into account by means of a highly localized damping term on the momentum equation. For mathematical results concerning this kind of problems,we refer to T.P. Liu 31] . The theory of scalar laws has been extensively studied by S.N. Kruzkov 26] in the context of BV functions 39]. At an elementary level, a fundamental tool is the Riemann problem which is endowed with a simple self-similar structure in the homogenous case. Unfortunately, when sources are added, one is led to consider generalized Riemann problems (G.R.P.) whose solution is far more complicated: we refer to 5, 27] for details. Keeping in mind the derivation of an e cient numerical scheme for (1) by means of a Godunov method 18], the handling of such elementary problems seems to be delicate (see for example the work by M. Ben-Artzi and J. Falconvitz 3] ). Usually, fractional-step schemes are the most commonly considered with centered or more sophisticated discretizations for the sources: we refer for example to 12, 30] . Quite recently, some new speci c schemes have been developped for special cases of (1): see e.g. 4] for a treatment of shallow-water equations with topography, the papers of P.L. Roe 35] and R.J. LeVeque 29] . We refer also to 2, 24, 25, 33] for studies of hyperbolic systems endowed with sti relaxation terms. Although these schemes have been successfully used for this kind of problems, rendering correctly discontinuities, they may only achieve a very poor resolution in the general case because of the presence of the forcing term in the right-hand side of the equations on coarse computational grids (an example is shown in 6]). Recently, J. Greenberg and A.Y. LeRoux introduced the notion of well-balanced discretization for scalar laws in order to improve the consistency of numerical schemes in the inhomogeneous case 19] . Their technique relied on an original processing of the sources in a convergent Godunov scheme. The scheme introduced here may be seen as an extension of this work to more complex hyperbolic problems. The main goal is the same: we want it to converge towards the right asymptotics in time of (1) prescribed by theoretical considerations (see 31] for details). Because of the presence of sources, their structure are more complex than homogeneous ones (in this last case, one gets only constant states possibly separated by steady discontinuities). So, it sounds natural to ask for an ehanced consistency property for discrete inhomogeneous stationary regimes. The approach proposed in this paper is a generalization of the scalar scheme studied in 14, 17] . It is based on a non-conservative reformulation of the sources in the system (1). In order to get a correct approximation of (1), we propose a way to process the sources directly into the de nition of the numerical uxes, that is to say, before any projection on piecewise constant functions. This is done by means of a Godunov-type scheme relying on modi ed homogeneous Riemann problems where the sources action is taken into account by generalized jump relations 9]. Several numerical tests illustrate the advantages of this kind of approximations (see also 11] for another eld of application). The paper is organized as follows: in the rst section, we recall the basics of the non-conservative theory of G. DalMaso, P.G. LeFloch and F. Murat 9] . We present also part of the work of I. Toumi 36] concerning generalized Roe matrixes and the de nition of a non-conservative linearized scheme. In the second one, we de ne an interesting way to regularize the non-conservative products arising in the scalar laws considered in 17]. This provides a natural extension towards general hyperbolic systems of balance laws. In the third section, we focus on a Roe-type rst-order scheme for (1) endowed with a well-balanced property. We introduce a consistent linearization whose structure reveals speci c averages of the sources. Then, we give a precise expression of the proposed scheme. The fourth and fth sections are devoted to several physically relevant examples. We begin with a perfect gas ow in a widely-used divergent nozzle originally proposed in 40]. Then we consider a system of industrial interest which is endowed with a damping right-hand side. It may simulate for example the e ects of a very thin vane grid whose characteristic scale is not resolved by the spatial mesh. This leads to a vector of sources which is null almost everywhere in the computational domain except at certain points of particular interest. In both cases, the scheme proposed in this paper shows very interesting features. Looking at the stationary regimes, one notices clearly the improvements coming from the proposed way to process the sources, especially in subsonic zones where the upwinding is to be carried out carefully. This work is part of the author's PhD. thesis 14].
1 Non-conservative products and locally Lipschitzian paths 
We recall now a fundamental result from 9]. 
This last condition is of course a consistency property with generalized Rankine-Hugoniot relations (6) .
This leads to the de nition of a rst-order linearized scheme for systems of the form (5). We introduce x and t denoting respectively the uniform spatial mesh-size and the time-step. Usually, W 0 is discretized as a sequence whose components (in standard notations) are given by:
Then, under the classical CFL restriction, we may get an approximation of the local averages of W(:; n t) with the following non-conservative scheme:
where:
We refer for example to 10, 21, 36] for the details on this kind of numerical schemes.
A weak formulation of a well-balanced solver
The aim of this part is to build a junction between non-conservative theory and inhomogeneous hyperbolic problems which are supposed to lead to harmonious equilibria of source terms and uxes.
A convergent well-balanced scalar scheme
Consider the Cauchy problem for the one-dimensional scalar balance law:
u t + f(u) x = g(u) with x 2 R; t > 0 f; g 2 C 1 (R); g(0) = 0; 9M 2 R + such that u:g(u) 0 for juj M u 0 2 BV (R)
In 26], Kruzkov proved the existence and uniqueness of the entropy solution of (9) in L 1 (0; T; BV (R)) \ C(0; T; L 1 loc (R)). To derive our numerical scheme, it is convienient to introduce a function x 7 ! a(x) which is in C 1 (R) and such that a x 1. We get the modi ed equation which belongs to the class studied
The Riemann problem for (10) = u n j?1 if g(u n j?1 ) = 0 (x; t) 2 (j ? 1 2 ) x; (j + 1 2 ) x n t; (n + 1) t (11) where is an antiderivative of f 0 =g. Its solution is given by a L 1 -contraction semi-group, v(:; t) = S(t)v(:; 0). Consequently, we can de ne an approximation u x of u by the following process: u x (:; t) = S(t ? n t) P x S( t)] n P x (u 0 ) (12) with n the integer part of t= t and P x denotes the projector on piecewise constant functions. This approximation has been shown to be stable in L 1 (0; T; BV (R)) and to converge towards the entropy solution of (9) whatever the sti ness of the source term (see 15, 17] ) as x ! 0 under the homogeneous CFL condition: sup j;n jf 0 (u n j )j t x.
Non-conservative formulation of a scalar balance law
Keeping in mind the scalar laws example, we present shortly the way we propose to make a link between the preceding ideas and the non-conservative formalism of 9]. We want to study the Riemann problem for:
with BV loc (R) 3 a x : R ! R a x (x) = j x for x 2 ? j ? 1 2 x; ? j + 1 2 x
We introduce therefore the vector V = (u; a x ) T . Seeking a regularization of the ambiguous product g(u)a x x , one may de ne it as a Borel measure built on a locally Lipschitzian paths family and denoted
The path is written for a BV function u with two di erent kinds of discontinuities: the rst one is a shock of speed coming from the convection term and verifying classical Rankine-Hugoniot relations, but the second one is really a non-conservative one and renders locally the action of the source term. So is made of two branches ( i ) i=1;2 according to the sign of : Recalling (7), we see immediately that the sub-path 2 can be chosen as the \straight lines path" because of the ux function f. Consequently, in all the sequel, and for the sake of simplicity, we will make a term misusing denoting by path the restriction s 7 ! i j (s) of (14) along which a x is not constant.
Derivation of such a path by means of an augmented system
Let us introduce the augmented problem:
We have V = (u; a x ) T the unknowns vector. The system (15) is non-conservative, non-strictly hyperbolic with eigenvalues 0 and f 0 (u). The eld induced by 0 is obviously linearly degenerate: it gives a stationary contact discontinuity which is called the standing wave in 22]. Denoting by :] the jump of a given quantity across a line of discontinuity, we can write generalized jump relations for (15):
Now, we de ne two functions up to constants:
The system (17) does not have the same shock waves than (15) . This is not a di culty since we are only interested in nding a regularization along the lines a x ] 6 = 0, that is, for steady contact discontinuities.
This conservative formulation permits to write classical jump relations:
Along the stationary jump = 0, one gets (u)] = a x ]. This leads to the following result. We just notice: 
The second components are:
Now, we just remark that:
From the regularity restriction on u 7 ! g(u)
f 0 (u) and by means of di erential equations theory, we get: Since all norms are equivalent in nite-dimensional spaces, the last majoration is established. 2
The regularity condition on g=f 0 means in particular that resonant regimes are exclued from this framework. We refer to 22] for a study of resonance in the context of balance laws. At least under this hypothesis on f 0 , the Riemann problem for (15) can be solved uniquely by wave curves intersection in the phase plane. According to (19) , one has to join the states V L = (u L ; a x L ) and V R = (u R ; a x R ) thanks to a medium state V M = (u M ; a x R ) lying on the integral curve of f(ũ) x = g(ũ)ã x coming from V L . (see Figure 1 ) Figure 1 : Riemann problem in the case f 0 > 0 for system (15) Remark: We would like to point out the fact that in the one-dimensional scalar case, Kruzkov's characterisation of the entropy solution of (9) actually provides another way to derive the path (19) . To be more precise, let us consider the approximation u x (12) . Then, the results of 1] applied to (11) imply that v solution of (11) (19) is that it can be extended to more complex problems without deep changes. In fact, considering the strictly hyperbolic system where F and G are smooth functions:
We wish to mimic the modi ed Godunov scheme descibed by (11), (12) in the scalar case. Consequently, to carry out the Riemann problems, it is natural to introduce the regularization of non-conservative terms G(U):a x by an integral curve of the steady-state system F( U) x = G( U). So, the same way, we consider a non-strictly hyperbolic system since we only add a eld associated with a null eigenvalue, operating on an augmented unknowns vector V = (U; a x ) T :
We propose the following regularizing path for (21):
It is clear that this regularization satis es the requirements of De nition 1 and has a sense at least in the cases for which the matrix F 0 (U) is invertible (away from sonic and stationary points).
A generalized Roe matrix
A possible well-balanced Godunov-type scheme for (20) So, if we de ne A as a usual Roe matrix for the homogeneous system satisfying A(
Unfortunately, one still needs to solve the Riemann problem for (21) in order to derive the two bounds of the path which are on each side of the stationary jump. So, we only require (23) to be true only in the case where the solution of the Riemann problem consists of this unique wave, i.e. at steady-state.
Derivation of the sources averages
We want to compute a reliable value for 
) which is an order one approximation of the average value of G along the path . A more accurate value can be derived if one notices that, since F is assumed to be one-to-one in the domain of interest:
Consequently, we propose the order two average:
This is enough to ensure the following result:
Theorem 3 This linearization is well-balanced: if V L et V R are on the same equilibrium curve i.e.
Remark: In particular cases, the o( x 2 ) can be dropped in order to get a perfectly well-balanced scheme. This can be achieved for example with the 1D shallow water system with topography: we refer the reader to the work of S. Clerc 8] concerning this fact (see also 4, 29] ).
Structure of the proposed numerical scheme
We denote i ; (i = 1; : : : N) the real-valued eigenvalues of A, and i the projector on its i th eigenvector.
We introduce + = 
with the classical Roe numerical ux: F j+1=2 = 1 2 F(U n j+1 ) + F(U n j )] ? 1 2 jA(U n j ; U n j+1 )j U n j+1 ? U n j ].
Proof
The well-balanced linearized scheme (8) for the system (20) is written:
We must compute jA j =Rj jL ( = f0g) where the eigenvectors matrixR is written: 
It is now easy to verify that the linearized scheme (26) may be written as (25) using the usual Roe consistency property. 2 
Related problems
In some cases, the right-hand side of the system (21) may be written as h(x):G(U) with x 7 ! h(x) is a smooth function belonging to C 0 (R). It is then straightforward to adapt the precedings ideas to this slightly more general situation by introducing an antiderivative H of h and with the following regularization:
First example: a compressible ow in a variable-section duct
Setting of the problem
Let us consider a perfect gas ow in a cylindric smooth and slowly-varying variable cross-section duct.
The variation of section is denoted by x 7 ! S(x) with S 2 C 1 ( 0; 1]; R). We get a one-dimensional system written in conservative form 40] with a source term:
( S) t + ( uS) x = 0 ( uS) t + (S( u 2 + p)) x = pS 0 (x) ( eS) t + (Su( e + p)) x = 0 x 2 0; 1]
As usual, , u, i are respectively the density, velocity, internal energy of the uid; e = i+ p , p = ( ?1) i being the total energy and the pressure. We note: U = S:( ; u; e) F(U) = S: u; u 2 + p; u e + p G(U) = (0; p; 0)
Jump relations and invariant quantities
To derive a well-balanced Godunov-type scheme for (27) , it is convienient to introduce new variables (cf e.g. 12]): R = S, P = pS, h = i + u 2 2 , H = h + P R and we denote V the augmented unknowns vector: V = (R; Ru; Re; S). Therefore, we have to consider the Riemann problem for: Proposition 2 Across the contact discontinuity = 0, the following jump relations hold: If u L 6 = 0 :
with the function ' : R 7 ! R The e ect of this source term on a subsonic 1D ow is to create a pressure gradient which depends on the inlet velocity and the density.
We introduce a new sti ness variable: K(x) = R x 0 k(r)dr. In order to implement a well-balanced Godunov-type scheme for (31), we have to consider the Riemann problem for the augmented system:
As before, we decide to use the regularization (22):
i.e. We try to solve the system (31), respectively with the well-balanced scheme using the average (24) and with the one proposed by P. Glaister 12] . Initial data are those of an uniform subsonic gas ow: 2 = g The parameters used with both schemes are: x = 0:02 and t = 0:012. We notice a quite good agreement between our scheme and a more conventional one for an intermediate value of the parameter : this means that the characteristic scale of the grid is well resolved by the space-step x: see Figure   3 . But, as soon as we decrease this parameter, we observe an unacceptable loss of accuracy of the classical numerical results: see Figure 4 . Checking the quantities which are known to remain constant (34) , one notices that the new proposed scheme is actually able to achieve a better approximation on a coarse computational grid: see Figures 5 and 6 . Of course, if one is ready to re ne su ciently the computational mesh such that the quantity x= remains close to 1, then both discretizations will give very similar results (see 19] for similar observations in the scalar case).
Conclusion
We presented in this paper a new way to derive a rst order scheme for the numerical processing of strictly hyperbolic systems of conservation laws with several types of source terms. The main goal was to ensure an ehanced consistency property with the correct asymptotic behaviour of the di erential problem. Advantages of this approach: The non-conservative formulation allows to process sources directly in the elementary Riemann solver and consequently reduces the error coming from the action of the projection operator. In subsonic regimes, this leads to a \fully upwind" scheme for both uxes and sources. Moreover, this approach can be extended to higher dimensional problems or implicit time algorithms: see e.g. 8] for an example carried out on the 2D shallow-water problem with topography.
Drawbacks: This linearized approach is of course limited in sti cases by the stability restriction coming from the explicit time discretization. In this context, it is possible to avoid any di usive implicit algorithm by considering a non-linear framework: see 16] for an example of a well-balanced scheme relying on the VanLeer ux-vector splitting 37].
The ideas developed in this paper are somehow close to some exposed in earlier publications, notably concerning generalized Glimm schemes for aeronautic problems. We refer for instance the reader to 13, 38] and the references therein. To the author's knowledge, the non-conservative formulation has never been introduced before.
